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Abstract 

We consider the first order formalism in string theory, providing a new off-shell description of the 
nontrivial backgrounds around an "infinite metric". The OPE of the vertex operators, corresponding 
to the background fields in some "twistor representation", and conditions of conformal invariance 
results in the quadratic equation for the background fields, which appears to be equivalent to the 
Einstein equations with a Kalb-Ramond B-field and a dilaton. Using a new representation for the 
Einstein equations with B-field and dilaton we find a new class of solutions including the plane waves 
for metric (graviton) and the B-field. We discuss the properties of these background equations and 
main features of the BRST operator in this approach. 

1 Introduction 



String theory in non-trivial background is a very complicated problem. In contrast to the flat- 
space case, where the perturbative amplitudes can be computed by calculation of the Gaussian integrals, 
generally one has to study a non-trivial sigma-model, which is rarely equivalent to an exactly solvable two- 
dimensional conformal field theory 1 . The connection between the clear space-time sigma-model picture 
and axiomatically formulated two-dimensional conformal field theory is often hidden, and sometimes 
is not even clear on fundamental level - as in the case of AdS^ x S'^ |2] and pp-wave backgrounds 
P' for ten-dimensional superstring. One of the possible ideas (with recently renewed interest) is that 
string theory of gravity can be more successful, being considered in vicinity of a background, which is 
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singular from conventional point of view of classical gravity. For such backgrounds it is not even clear, 
whether a traditional sigma-model formalism can help in finding a two-dimensional conformal field theory, 
corresponding to their quantization. 

String theory is usually formulated as a perturbative expansion of certain nonlinear "string field 
theory" around some background classical solution to its equations of motion. Even suppressing all 
string loops and in the limit of vanishing string length a' ^ it has to reproduce the highly nonlinear 
Einstein equations on the background fields, containing all powers of perturbation, being expanded around 
the fiat-space background. Since perturbative expansion generally depends on the background, it seems 
reasonable to start with studying some simple ones for this purpose. In this paper we propose to start 
with a kind of " Gromov-Witten" background 0], with the infinite target space metric and the B- field 
Gjj = i^ij: it turns out that theory drastically simplifies in this limit, and can be described in terms of 
a conformal first-oidei system. 

Hence, we are going to study the first-order formalism in string theory, based on the D/2-tensor 
power of the free c = 2 conformal field theory, interacting with reparameterization ghosts; during past 
years diS'erent two-dimensional first order field theory models were extensively studied, see e.g. l^-fTHj. 
We demonstrate, that this formalism describes the string theory around the infinite-metric background 
(accomplished with the infinite B-field), which, being defined precisely, necessarily requires the target- 
space complex structure. One of the main advantages of this formalism is that the vertex operator 
perturbations of the first-order action correspond generally to the off-shell background fields in the "light 
sector" of the target-space theory. Due to absence of the self-contractions between the co-ordinate fields 
themselves, most anomalous dimensions vanish and there are no higher-spin states, causing complications 
in conventional formulation of the theory. 

In order to get generic background, one has to perturb this theory by the set of all marginal fields, 
and the vertex operator perturbations of the first-order theory are adequately formulated in terms of 
certain "twistor" variables g^^ , /i^ (together with its complex conjugated fii) and which have clear 
algebraic origin and whose connection with physical background fields G^i,, B^i, and dilaton field is 
rather nontrivial. We study conditions for these fields to be marginal and exactly marginal (absence 
of the l/jzp-terms in the the operator product expansions (OPE) of the vertex operators) and derive 
the field equations of motion. These constraints in the first-order formalism appear to have more rich 
structure, than in conventional sigma-model approach and we analyze the resulting equations of motion, 
in particular the bilinear equation to the inverse metric g^^ (see equation (I17II ) from the point of view 
of target-space gravity and algebraic structure of the theory. Even restricted to a very special class of 
perturbations of the form g^-'piPj we obtain the set of linear and quadratic equations for the background 
fields, whose solutions (together with conditions that the background fields are primary) appear to be 
solutions of the full nonlinear system of Einstein equations for the background physical fields^ . 

Finally we are going to discuss briefly some non-perturbative aspects of possible application of the 
first-order formalism. In particular, we note that disappearance of the higher-spin fields and conventional 
on-shell condition was observed recently in where the infinite metric of the AdS-like backgrounds 
was generated by thick stack of D-branes. In this paper we will not really go beyond the quadratic 
approximation and only briefly speculate on possible BRST structure of the model. 

^One could expect this generally, since cubic terms in these equations should be of higher order in a' . 
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2 The first-order theory 



Let us start with a two-dimensional confornial field theory (CFT) with the first-order action 

^0 - ^ ^ d'z{pM' + PidX^), (1) 

where the momentum fields are the (1,0)- and (0, l)-forms correspondingly, while the co-ordinates 
X,X are scalars with the weights (0,0), the volume element is (Pz = idz A dz. Action Q corresponds 
to the Z?/2-th tensor power of (holomorphic and anti-holomorphic) c = 2 first-order conformal field 
theory, where the multipliers are labeled according to some choice of the target space complex structure, 
i,i = 1, . . . , D/2. The equations of motion following from the Lagrangian provide the nontrivial 
operator product expansions (OPE): 

a'S] . a'S] 

X\z,)p,{z2) '- + ..., X\z,)pj{z2)^^^ + ... (2) 

Zl- Z2 Zi - Z2 

(it is convenient to keep here explicit a'-dependence), and there are no singular contractions between the 
X- and p-fields themselves. 

To study the theory with the action let us, first, perturb it by the following vertex operator: 

Vg = -^g'Hx,X)p^PJ (3) 

so that the full action becomes: 

Sa^T^Zl I d'z{p,dX' + PidX' - g'^p.p^). (4) 
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On classical level, solving equations of motion for one immediately finds that the action Q is 
equivalent to: 

5 = ^ £ d^zg^^dX'dX^ " X "''^^^^'^ + B,,,)dX^dX\ (5) 

where /i, v run now over both holomorphic and antiholomorphic indices, while G, and B are the symmetric 
Riemann metric and antisymmetric Kalb-Ramond B-field correspondingly. The physical fields should 
obey the constraint Gq = —B^, or 

G^-k=g^k, Sjfc = -ftfc- (6) 

Note, that the operator (j^J contains the inverse metric g'^^ , written in terms of the target-space 
holomorphic and anti-holomorphic co-ordinates, and, therefore, is a perturbation of around the infinite 
metric background (with the infinite Kalb-Ramond field). 

However, in quantum case the integration measure should be taken into account. For the first-order 
system Q it is determined by the holomorphic £'/2-form fl ~ i}{X) = dX^ A ... A dX^/'^. After 
integration over the p-fields 
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we arrive at the standard sigma-model where the measure is determined with the help of non- 
degenerate target-space metric. The difference in two measures leads to appearance of the dilaton 

/ (Pz\/hR\ogy/g term in the action ((Jj), related to determinant of the ultra-local operator. 

Indeed, integration in ((Jj) over the momenta p, p naively leads to the (infinite) factor Jlzes '^^^ 9iji-^i^))^ 
which plays a role of a factor, that turns the measure determined by holomorphic form f2 into the mea- 
sure determined by non-degenerate metric g. However, the "number of factors" in the infinite product 
is the (infinite) number of one-forms, while the number of factors needed to complete the measure on 
the X-fields equals to the (infinite) number of functions (or zero-forms). It is well-known, that difference 
between these two infinite numbers is finite and equals to the arithmetic genus 5 — 1 of the world-sheet, 
or is proportional to the integral of the scalar curvature along the surface. If we regularize this anomaly, 
say, with the help of massive regulator fields, it becomes "locally distributed" along the world-sheet, and 
this is a shortcut to understanding the dilaton term ((T)). 

Another way to test the validity of (|7|) is to consider the target-space holomorphic transformation 
6X^ — ev^{X), Spi — —epj^—. The corresponding current piV^{X) obeys the anomaly equation 

d{py{x)) - dy{x) = c,,\ogn (8) 

computed at some fixed point of the world-sheet. That is in perfect agreement with ((JJ: one has to take 
into account that det g is the ratio of two measures in the target-space, determined by metric and by the 
holomorphic top form fl correspondingly. The anomalous current (jHl naturally suggests considering the 
charges: 

n„ = / dz v\X)p, = (f dz u,{X)dX' (9) 

ZTTia Jgi Ima Jgi 

together with their complex conjugated fiy and f^, generating the symmetries of the first-order action 
(p^l; their properties are studied in Appendix A. 

Now one can perturb the free action |^ by all possible operators of dimension (1,1), corresponding to 
more general deformation of metric, S-field as well as the deformation of the almost complex structure 
by the Beltrami differential p^ and flj . The full perturbed action reads 

S=^J d^z{pM' +PidX' 

-g'h,Pj - P^dX'p^ - ii\dX^p, - hfjdX'BX^). (10) 

These background fields (to be called the twistor variables) can be directly associated with the four inde- 
pendent terms in the expansion (sec formula H32(l in Appendix A) of the tensor product of representation 
spaces, corresponding to action of the world-sheet symmetries © of the model. 

Again, on classical level, solving equations of motion for p,p, one finds that this action is equivalent 
to the following sigma-model: 

S ^ j d^z{g,j{dX' - ^ildX''){dx'j ~ A^^^) - KjdX'dx'j), (11) 



27ra' 

which can be rewritten in the conventional form 101 with an extra dilaton term |12j 



S = ^ J d^ziG^, + B^,)dX^dX'' + d^zVhR^ (12) 
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with G, B and $ now (compare to the previous section) defined as follows: 

Ggk = ffijAs/^l + 5sfc ^ ^sfe' B sk = 9li^^\^^\ ^ 9 sk ^ ^ sk 

Gsi = -ffjjMi - gs]P-h = -gsjfj'l - 9ijfj-i 

Bsi = dsjP'i ~ 9ij\^\i ^si ~ ffij^^S ~ 9sjp\i 

$ = logV5- (13) 

3 Main result 

Let us now analyze the conformal invariance of the first-order theory, perturbed by a single vertex operator 
g^-'PiPj ©• The OPE of Q with the stress-energy tensor T = —{a')~^pidX'^ (and its counterpart of 
opposite chirality T = —{a')^^pidX^), corresponding to the first-order system reads: 

^ {aT'p^dX^z) ■ {a')-'9'h:P-Az') = --^^9.ff%j(z') + (14) 

+ ^ ( ^^7W Ap5(2') + -^d.jg'^^p.pjiz')) + ... 
a \[z — z')'^ ^ z — z' J 

Two last terms in the r.h.s. of p4l) . proportional to (a')"^, are standard singular terms from the OPE 
of the stress-tensor with primary field of unit dimension, so that, being integrated over the world-sheet it 
becomes co-ordinate invariant, and they give no real constraints. However the first singular term in the 
r.h.s., proportional to {a')'^ , is the action of the Li-Virasoro operator, which deviates it from the primary 
operator, unless 

9,5^^^ = 0, d^!f^ = (15) 

quite similarly to conventional "second-order" conformal field theory [T], but arising here before any 
mass-shell condition, the same condition comes from eliminating the contraction of pi and inside the 
operator Q 9^^PiPj itself. Moreover, in contrast to the second-order formalism, where transversality 
justifies itself as a gauge artefact, being proportional to the two-dimensional equations of motion and the 
total-derivative terms, here the constraint (|15|) appears as an independent requirement in the target-space 
description of the theory. 

Consider now the OPE of two vertex operators Q of the general structure 



V{z,)Viz2) - 



{zi-z2r-^{zi~z2r-o 



and calculate some important coefficients a*-*'-'' . For the vertex operators Q the most singular term in 
OPE a'^°'"' cx {a'Ydkdjg^^ did-jg^^ does not contribute in the leading order in a' and we will not discuss 
it now. The next is (the only at the level (q;')°) logarithmic divergence, coming from the double p, X 
contractions, i.e. 

a(i'i) = {2^^)-\g''^d,d.g^' ~d,g^'^d-AkPT+0{a'). (16) 
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To make the theory conformaUy invariant it should vanish, i.e. the background metric g*-' satisfies the 
"bihnear equation": 

5'Ja,9j/-'-9,/^^5j/ = (17) 

In the case of general Hermitian metric^ we will show below that the conditions of conformal invariance 
for the first order model lead to the background Einstein equations with a dilaton, confirming the 
argument above. 

This background equation is our new result, its algebraic properties are briefly discussed in Appendix 
A; it is quadratic since the first-order theory corresponds to expansion of the target-space theory around 
a singular background. 

One can check (see Appendix B) that the quadratic system of equations (|17|l . being supplied by the 
"gauge condition" H15|l . is indeed equivalent to the system of Einstein equations with a Kalb-Ramond 
field and a dilaton 12l, [O] : 

R^. = -'^H^xpHtP + 2V^V,$, (19) 
- 2{\'x<i>)H^''P = 0, (20) 
4(V^$)2 - 4V,,V''$ + R+ ^H^^pH^'^P = 0. (21) 

where the change of variables from the "twistor variables" gjj to the physical metric, B-field and dilaton 
G, B, $ is given by the following expressions: 

G^-k = 9^-k, = -g,j,, $ = log V?. (22) 

Note, that equivalence of the system (|19() - (|21|l to the equations (|17|l and H15|l . coming directly from OPE 
of ((31) in the first-order theory Q , confirms the preliminary conclusion of appearance of the dilaton from 

Let us stress again here, that the first-order theory corresponds to a singular-background expansion of 
the Einstein equations p9|l - l|21|l and, therefore, in order to make equivalence with the bilinear equation 
P7I) of the first-order theory one has to use explicitly the gauge condition (|15|l . as required by conformal 
field theory In the common sigma- model approach, corresponding to expansion of the action H12(l 
around a non-singular background, say G^i/ = 77^,^ + /i^i/, the "gauge" terms df^hf^" — can be eliminated 
by a prescription that the terms proportional to the two-dimensional equations of motion and total 
derivatives are cut off. However, in the singular background of first-order theory Q there is no linear 
approximation for the background field equations (|17|) . i.e. the "reference point" of expansion is singular 
from the point of view of the target-space theory and this makes study of the symmetries in this point 
to be a delicate issue. 

We conjecture also that, as well as for the simplified model with the only perturbation Q, the 
conformal invariance of the model in general background l|10(l at the order (q;')° is provided by the 
Einstein equations with a i?-field and a dilaton <& — log ^/g. 

^For the Kahler target-space metric g^j this condition leads to the vanishing Ricci tensor, and while gauge condition 
I15i is equivalent to the constant determinant, since 

= dig'-^g^.j = -g'^dig^.j = -g^^dtgij = -dk logg and c.c. (18) 
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4 Special solutions 



An interesting question is to study the solutions of the system (|17|) . A particular class of solutions was 
discussed in ^1]. For example, one can show that equations H17|l possess the following class of solutions: 

h(^9"^)' ^0 and c.c, (23) 

where prime means the derivative of functions g^-' (y) with respect to its argument y — k^X^ . In the pure 
Kahler case one can write a solution 

k-j = m] + hk-jfiy), v'^hk-j = 0, (24) 

where f{y) is any function of the scalar product y — k^X^^ . Among these solutions one can find the plane 
waves, which are in physical variables: 

Gfj = %j + efj{Acos{k^X^) + S sin(fc^X^)), 

Gjj = -Bjj, kfq'^Cfj^Q and c.c. (25) 

This means that the dilaton field, equal to log .^g, provides the plane waves for the G- and B- fields. One 
should also note that in our case _B-ficld is pure imaginary (or the two- form g^jdz^ Adz^ is anti-Hermitian) . 
To make the i?-field real, it is necessary to consider and not as complex conjugated variables, but 
as real ones with i,j = 1, . . . ,D/2. Then the associated two-form becomes Hermitian, but by obvious 
reasons the metric g^jdz^dz^ acquires the signature {D/2, D/2). An interesting feature of these solutions 
is that they do not get additional a'-corrections in the world-sheet perturbation theory, since each loop 
diagram obviously contributes with the terms, vanishing due to (|23f) . 



5 Concluding remarks 

Remarks on D-branes near the AdS throat. One of the attractive special features of the proposed 
first-order formalism is natural disappearance of the on-shell condition (as a linear equation on vertex 
operator) together with the simultaneous disappearance of the higher-spin fields or Regge descendants 
from the theory. Physically this phenomenon is a consequence of the infinite metric limit, when the 
co-ordinate fields do not have contractions with themselves. From the point of view of two-dimensional 
conformal theory this kills the anomalous dimensions of the plane waves and these anomalous dimensions 
cannot compensate therefore the dimensional polynomials of the derivatives of the co-ordinate fields. 

Similar phenomenon has been already observed in 11 , when D-brane is placed in the vicinity of the 
AdS throat. Clearly, near the throat the metric tends to infinity, and that explains the observed in [TT] 
effects in a rather similar way to how it happens the formalism we have discussed in the paper, 
nomotopic dreams. Our success in reproducing the solution to the Einstein equations (|19|I - H21|) in 
expansion around the singular first-order background motivates the study of all perturbations, which 
should lead to the picture completely equivalent to the full set of Einstein equations. One can hope, that 
the Einstein equations in the language of string theory (in particular of the proposed first-order theory) 
look like a kind of the Maurer-Cartan equation 

g^- + m2(^',*) + m3 (*,'!',*) -h... = (26) 
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where Q is the BRST-operator in given background (see e.g. is a (generahzed!) vertex operator 

deforming the action, containing generally the polyvertex fields, and m„(^, . . . , are some operations 
in conformal theory, corresponding to given background. The equations H17|l . (|15|l we have derived, 
correspond to 



for the deformation We expect that the conjectured set of equations would have a large sym- 
metry group, promoting ^E" ^ \1/ + Qe to nonlinear level, and that the operations m„(4', . . . , \[') would 
satisfy certain quadratic equations like for homotopic structures. We should also stress here that the 
conjectures higher operations are generally background dependent and we hope that within the proposed 
first-order formalism they could appear in the simplest possible form. We postpone the discussion of 
general deformation of the BRST operator and structure of equation (|26|) for a separate publication. 

Acknowledgements 

We are indebted to V. Fock, A. Kapustin, N. Nekrasov, A. Niemi, B. Pioline, J. Schwarz, G. Semenoff, 
C. Vafa and, especially, to A. Tseytlin for useful discussions. A.M.Z. is grateful to the Organizers of 
Strings'05 Conference, Third Simons Workshop, IAS and Perimeter Summer Schools and also to O. 
Aharony and M. Berkooz (Weizmann Institute of Science) for kind hospitality, support and possibility 
to have fruitful discussions. The work of A.S.L. was supported by RFBR grant 04-01-00637, Grant of 
Support for the Scientific Schools 1999.2003.2 and INTAS Grant INTAS-03-51-6346, the work of A.M. was 
partially supported by RFBR Grant 05-02-17451, Grant of Support for the Scientific Schools 1578.2003.2, 
the NWO project "Geometric Aspects of Quantum Theory and Integrable Systems" 047.017.015, and by 
the Russian Science Support Foundation. The work of A.M.Z. was supported by the Dynasty Foundation, 
CRDF Grant No. RUMI-2622-ST-04 and RFBR grant 05-01-00922. 

Appendix A. Algebraic structure of the first-order theory 

In this Appendix we consider the properties of the symmetries, generated by the operators ©. The 
singularities coming from internal contractions (O should be avoided by the vanishing of divergences 
9if ' = c^w' = 0. Application of © to the vertex operator Vg © generates the transformations of fields, 
which is, to the order a': 



i.e. Uv generates the holomorphic coordinate transformations, and r^) is the generator of the gauge 
symmetry B B + Duj + DQ^ {D and D are here the target-space Doulbeaux operators), which becomes 
clear, rewriting it for the G and B fields H13|) : 



Q* = 0, 
m2(*, *) = 



(27) 




O(a') 

(hCjj,g^= - d-^ujjg^= + 0{a') 
9,c^fe/^^-afeC^,/^>0(a'), 



(28) 



Oia'). 



(29) 
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The algebra of the charges Q is 



[n„i,n^,J = n[„2^„j] + a'r^^^^^^^) (30) 

where ujn{vi,V2) = \{dkV2dndiv\ — 9„9fet;^3;U2 ), C^t^k — diUJkV^ + ujidkv'^ is a Lie derivative, and the 
same algebraic relations hold for the charges of the opposite chirahty n^,, f^. This is a deformation 
of the semidirect product of the algebra of holomorphic coordinate transformations and the B-field 
gauge transformations, where in the limit a' ^ the extension disappears. One can also introduce a 
nondegenerate inner product, invariant under the adjoint action 

(n,,,n„,)=0, (r^i,r^J=0, {n,,r^) = j v'{X)LO,{X)n{X) (31) 

where J7 is a holomorphic volume form and the integral is taken along the half-dimensional target-space 
cycle. It means that vector fields and one-forms uoi correspond to the dual representations V and V* of 
the algebra (|30|) (already studied in 15 ) and these representations provide a natural algebraic structure 
of the background perturbation pU|) 

iy ® V*) ®{v® V*) = {v ®v)®{v ® V*) © (V* ®v)® {v* ® v*) (32) 

where four terms in the r.h.s. literally correspond to the four background fields in Thus, we see, 

that generic perturbation of the first-order theory by "light" fields has a natural algebraic origin. 
The vertex operator F or JSj) can be expanded 

F(X,p,X,p) = ^Z^K^,p)®Z^/(^,p) (33) 

in the (generally infinite; / is some multi-index) bilinear combination of the left- and right-chiral parts lAi 
and Ui with the conformal weights (1, 0) and (0, 1) correspondingly. In terms of H33|l the transformation 
formulas (|28|l can be written in the form of adjoint action: 

I I 
6^V = ^[r^,Zi/] + Y^Ui ® [f^Mi] (34) 

Symmetries (j28|l are consistent with the conformal properties of the model and, in the most compact 
way, this can be written as 

[Q, cuy] = [Q, cHy] = 0, [Q, crJi = [Q, cr^] = (35) 

commutativity with the BRST operator 16 for the free first-order theory Q 

Q = f J, J^jdz~jdz, (36) 
j = cT+ : bcdc : +^d^c, j = af-f : bddc : +^d^c 
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where the T ~ —{a')~^pidX'^ and T = —{a')~^pridX'^ are correspondingly holomorphic and antiholomor- 
phic components of the energy-momentum tensor, and 5, c (and b, c) are reparameterization ghosts. 

The OPE (|14|l can be also encoded into the commutation relations of the BRST-operator H36|l with 
the fields, which are: 

[Q: (f>hrh] = hcd(f>hj, + hdd(j>^j, + dc(f>^j, + dc(j),^ j^, (37) 
[Q, c] = c9c, [Q, h]=T + TS'\ and c.c. 

where 0^ is a (primary) field with the conformal weights (/i, h) . Denoting ccV — (j)^'^^ , V = (j)^"^^ , 
cV — cV = 4>^'''\ for the vertex operator V with conformal weights {h, h) = (1, 1), one can easily obtain 
the simple relations [Q,^^^)] = d<?!)(i), [Q, = d(t)^°\ = and [Q,/^,^^^^)] = /^m '^^^^^ ^^^^I'e 

Af is some two-dimensional manifold with a boundary. Below we consider the deformation of the BRST- 
operator for the nontrivial background in the first-order theory and interpret the equations of motion for 
the background in terms of the deformation theory for the BRST-operator H3t)|l . We find that for generic 
perturbation this Li-term should be supplemented by the singular contributions from OPE of two vertex 
operators, giving rise to (a linearized version of) some generalized Maurer-Cartan equation. 
Equation H17[l can be also rewritten in the form: 

lim / (dz'd{z')V{z') - dz'c{z')Viz')) c{z)d{z)V{z) = 0, (38) 

where C^^z is a small contour around the point z, and this form is used below for studying connection with 
the BRST operator. From the point of view of sect. |5l the bilinear structure and holomorphic properties 
of H38|l lead to appearance of a doM&Ze-commutator if one rewrites H17|) in the algebraic form. Indeed, 
using for the operator 0, one can write for ifTTjl 

= ({U}diAl){u]d^l/i,) - {U},d,U^){ujdjU\,)) , (39) 

I J' 

where U} — U\{X) and U} = U}{X) are holomorphic and anti-holomorphic "blocks" for the background 
metric field. Multiplying H39|l from the right by dkdi one can rewrite H39|l as 

= 'Y[vi,vi,]vivi, = ]^'Y[vuVr][vi,vr] =0, (40) 
/,/' IJ' 

where we have introduced vector fields vi = U}di and vi = U\di. For the r.h.s. of (|^ it is convenient to 
use the notation 

[[V,V]]{X,p,X,p) = Y.'^UiMj]{X,p) ®[UiM.j]{X,p) (41) 
I,J 

so that equation (|17|l can be interpreted as vanishing of the double-commutator (|40|l . (|41|l in some algebra, 
naturally acting in the tensor product of the holomorphic and antiholomorphic sectors of the first-order 
theory. We believe that this is an algebraic structure naturally related with the theory of target-space 
gravity. 
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Appendix B. Relation between twistor and physical variables 

We use the formulas from Appendix T of the book |17| : 

R^^'' = -^C'^dadpG'''' - T'"' + r^'"'^r^^, (42) 

where 

=G"^a^G„,-i9,log(G). (43) 

Remember that in our case d^G^^ = 0, this leads to the simple relation: r,y = —^dv\og{G). Therefore 
r^i, = — 2VpVy$, for the <I> = log^, where g is the determinant of matrix g^-y Now let us study the 
third term in (|42|l : first, for the components of F^^, one has: 

Ks = y'idrg-ks+dsg-kr). 

TU^y\d-sg,j,-d-^gr,) and c.c. (44) 

while all other components vanish. Therefore, one finds that F^^j = ^Hg^,^, hence the third term in 1421) 
provides contribution of the i?^-type, with an additional term in FT for fi — i and v = j: 

r^'^'ri, = -i(/^"a,g'^ + g'' d,g'^^)g=ndkgpi + digpk) = 

--^{g'^'d.g'^ - g''d,g^^)g^ndkgpi - digpk) - g^' d,g'^g'^digp>. = 

^\w^'Hl+d,g^''dkg'\ (45) 

which, however, cancels with the first term in the r.h.s. of H42() due to equation H17() . Thus, unifying all 
the information we have got the relation (|42|l can be rewritten as: 

= -^H^'^PHlp + 2V^V''$. (46) 



Similarly, one can prove the following relation: 

1 
6 



4(V^$)2 - 2V^V^$ - -H^^pH^'^P = 0. (47) 



Namely, let us start with — ^g^'^dfj^gjj^, i.e. 

2(Vp$)2 = g^'^d^gTkg'^g'^djg.r (48) 

and 

- v^V''* = -g''(h{g''dmk) + g^'T^/'drgik + g'^g^'d.gi,. (49) 
Using (|^ we arrive at 

<f'n, = -h9''9mi!^\ g'% = -y'dm,<f'. (50) 
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The sum of (I48II and (|49|l can be rewritten in the form: 

(V^*)' - V^V^$ = -5^^c^(/'=a,<?rfe)- (51) 

The iT^-term equals to: 

= 2g^''d-,g,jd,g^'^ - 2d-,g,-,g^''d,g^l (52) 

One finds now, that l|17jl is satisfied due to ifTTji . Combining fliHl and l|T7jl one obtains (|^ . 
The third equation one can get by simple analysis of (|17|) . i.e.: 

di{g'^dji^'-i^''drg^')^0 and c.c. (53) 

leads to relation: 

diW''^ = and c.c. (54) 

and identity 

9i(c/^^9j/' -/'■a^/) = and c.c. (55) 

yields: 

diH"'' = and c.c. (56) 

These relations can be summarized as: 

Vf^H'^'P - 2{Vx^)H^''P ^ 0. (57) 

Note here, that in the case of Kahler metric g it is easy to show, that one does not need additional gauge 
constraint H15(l to prove the coincidence of equation 117() with the vacuum Einstein equation R^j = 0. 
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